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1 INTRODUCTION

According to researches on fixed
point theory, its development has been
rapidly growing and playing an im-
portant role in modern mathematics.
As in most situation, the fixed point
problem is usually considered in vari-
ous ways. This theory shows how the
pure relates with applied mathematics.
Therefore, it is used in solving other
branches of mathematics, for instance,
variation and optimization problems,
partial differential equations and prob-
ability problems. Also, many mathe-
maticians go forwards for searching the
applications of these results in such di-
verse fields as biology (see [12]), chem-
istry (see [8]), economics (see [3]), game
theory (see [13]), etc.

Game theory is the study behav-
iors of players - people who is in
strategic situations - what to do un-
der decision’s other players have ef-
fect. So, similar to a chess game, there
is a set of players, a set of strate-
gies available to those players and a
range of payoffs of each integration
of strategies. Furthermore, it becomes
now a standard tool in economics.
Economists then use game theory to
explain, predict how people behave.
They have used it to study auctions,
bargaining, merger pricing, oligopolies
and much else. Contributions to game
theory are constructed by economists
through the different fields and inter-
ests, and economists commonly collect
results in game theory with work in
other areas. One of those, the theory of
equilibrium, has presently an extensive
practicability in such game theory. Its

importance has been proved by award-
ing the Nobel Prize for Economics to
K. Arrow in 1972, G. Debreu in 1983, J.
Nash, J. Harsanyi and R. Selten in 1994,
and R.J. Aumann and T.C. Schelling in
2005 for applying the theory of games
in economy:.

The propose of this paper briefly
shows the collected fixed point theorems
applied in game theory. We begin with
an overall image of the evolution of fixed
point theory, after that, we emphasize
on its integration with economics. Fi-
nally, there exists a summary of research
directions in this area.

2 FIXED POINT PROBLEMS

Fixed point theorems require maps f
of a set X into itself under certain condi-
tions which guarantee an existence the-
orem and a uniqueness theorem - how
there exists a fixed point for a mapping
and also it is a unique point.

Definition 2.1. Let f : X — X be a
mapping, and if there exists T € X such
that f(Z) = 7, then T is called a fixed
point (fix-point) of f.

2.1 Topological Fixed Point
Theory

In 1912, L.E.J. Brouwer proved a
fixed point theorem which is in the his-
tory of topology with applications such
that it is principally a elementary the-
orem to game theory, for example, in
Nash equilibrium.

Theorem 2.2. [4] Let X be a
nonempty, convex, compact subset of
R™ and let f : X — X be a contin-
uous function from X to itself. Then f
has a fixed point.
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2.2 Metric Fixed Point Theory

Metric fixed point theory becomes
a famous tool of a scientific area be-
cause the fundamental result of Banach
in 1922.

Several research areas of mathemat-
ics and other sciences are attempted to
relate with applications of such results.

Theorem 2.3. [2] Let (X, d) be a com-
plete metric space and f: X — X be a
contractive mapping, that is, there ex-
ists k € [0,1) such that d(f(x), f(y)) <
kd(x,y) for all z,y € X. Then we have
the following;:

1. The mapping f has a unique fixed
point 7 € X;

2. For each zy € X, the sequence
{z,} defined by x,+1 = f(z,) for
each n > 0 converges to the fixed
point T of f, that is, f(T) = T.

2.3 Discrete Fixed Point Theory

Tarski’s fixed point theorem was
stated in 1955. His result was in its
most general form. Moreover, it is ex-
tended to have many important results.

Theorem 2.4. [11] If f is a mono-
tone function (an order-preserving func-
tion or isotone), that is, a < b implies
f(a) < f(b), on a nonempty complete
lattice, then the set of fixed points of f
forms a nonempty complete lattice.

3 GAME THEORY AND
ECONOMICS

Game theory is the study of logi-
cal analysis of conflict and cooperation
situations. Therefore, it is the expla-
nation of how players would react in

games rationally. Every player also need
the maximum payoff as possible at the
end of the game. However, the out-
come is controlled by some condition.
In the same way, the outcome output
of player’s actions does not depend on
only their own choice alone but also get
results from the other players’ actions.
Then, this is the reason that conflict and
cooperation can be happened. A game
is defined to be any situation in which

1. The number of players who may
be an individual, but it may also
be a more general entity like a
company, a nation, or even a bi-
ological species is at least two.

2. All players have their own set of
strategies which affect how the
players select the actions.

3. The outcome of the game is as-
signed by the strategies which
each player chosen.

4. Each possible outcome of the
game can be represented by a nu-
merical payoffs of different play-
ers.

In game theory, its structure can be
divided to be 2 main parts. The classi-
cal games which include mixed equilib-
rium, rationalizability, and knowledge.
Then, the extension games consisting
of bargaining, repeated games, com-
plexity, implementation, and sequential
equilibrium. We can now mathemati-
cally define a game.

Definition 3.1. A strategic game is
(N, X;, ;) consisting of

)~

1. A finite set of players N.
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2. For each player ¢+ € N, a
nonempty set of actions X;.

3. For each player ¢« € N, a prefer-

ence relation 2Z; on X = [,y Xj.

Note that a strategic game is called
finite if X is finite for all 7 € V.

3.1 A General Model

In 1950, J. Nash described the con-
cept of the n-person game as follows.

Definition 3.2. [9] The normal form
of an n-person game is (X, 7Zi)r,
where for each i € {1,2,3,...,n}, X;isa
nonempty set of individual strategies of
player ¢ and 7-; is the preference relation
on X := [[,.; Xi of player i.

Note that the individual prefer-
ences ~; are often represented by util-
ity functions, that is, for each i €
{1,2,3,...,n} there exists a real valued
function u; : X := [[,.; Xi — R, such
that

x ;v if and only if w;(z) > w;(y)

for all z,y € X. Therefore, the normal
form of n-person game can be written
as (X;,u;)™, also.

Moreover, an equilibrium of such
game is defined and it is well-known as
Nash equilibrium.

Definition 3.3. [9] The Nash equi-
librium for the normal game is a point
T € X which satisfies for each ¢ €
{1,2,3,...,n},

u; (T) > u (T, ;)

for each z;, € X, where 7_;, =
(T1, T2, ooy Ti1, Tit 1, -y Tnr).-

3.2 An Economic Model

The situation that there are n agents
who produce and sell m goods. As-
sume that m is the number of produc-
tion units. Let A; C R! be a set of plans
each agent use. In each production unit
Jj € {1,2,3,...,m}, the activity is or-
ganized according to a production plan
d; € R, Agents are both producers and
consumers. We have

A > O,VZ € {1, 2, ...,n},Z?:l&ji =1

for each j € {1,2,...,(}

The preference relation of the con-
sumer ¢ on the consumption plans set
A; is denoted by 7—; and assume that is
represented by the utility function wu;.

Definition 3.4. [1] An economy ¢ is
represented as

€= {<Ai)zn:1> (Dj);‘n:h (wi)?:h

(=) (i)t}

where P represents the set of all nor-
malized price systems.

Denote by A and D the sets of com-
plete consumption plans, respectively,
production plans, i. e., A := [[, 4;,
D = [[jL, D; and by A* = ¥ A,
Dt =%, D;.

For a given price system p € P,
and a complete production plan d =
(dy,ds, ...,d,,) € D, the budget set of
agent ¢ is defined as

Bi(p,d) ={a; € A : (p,a;) < (p,w;)+
Y ilp, dj) }.

Definition 3.5. [1] A competitive
equilibrium of ¢ is (a*,d*,p*) € A X
D x P satisfy the following conditions
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1. Foreachj € {1,2,...,m}, (p*,d;f> >
(p*,d;) for all d; € D;.

2. For each i € {1,2,..,n},al €
Bi(p*,d*) and af 7; a; for all
a; € B;(p*,d")

3. S0 ar < X1 w 4 X0 d
4. (p*, Xy a; =¥ wi— Y, d5) = 0.

Condition 4. says that prices be-
come 0 when the offer is higher than the
demand.

After that, some constraint corre-
spondences have been considered.

Definition 3.6. [6] An abstract
economy I' = (X;, A;,u;), is defined
as a family of n ordered, where A; :
X = J[L, X; — 2% are correspon-
dences and u; : X x X; - R.

G. Debreu stated the definition of
equilibrium in 1952 which it is a natural

extension of equilibrium introduced by
J. Nash.

Definition 3.7. [6] An equilibrium
for I is a point T € X which satisfies
for each i € {1,2,3,...,n},

Ei S AZ(E) and Ul(f) Z Ui<T,i, ilfl)
for each x; € A;(T).

In 1975, W. Shafer and H. Sonnen-
schein proposed a model of abstract
economy with a finite set of agents.
Each agent has a constraint correspon-
dence A; and, instead of the utility
function wu;, they have a preference cor-
respondence F;. This model general-
izes G. Debreu’s model, whereas, using

45

the utility functions, one can define the
preference correspondences as follows

Pi(z) = {y; € Ai(x) :
ui(z,yi) > ui(w, )}
Then the condition of maximizing

the utility function to obtain the equi-
librium point becomes

Aij(x)NPy(x) = 0 for each i € {1,2,...,n}.

W. Shafer and H. Sonnenschein’s
model can be described as follows:

Definition 3.8. [10] Let the set of
agents be the finite set 1,2,...,n. For
each ¢ € {1,2,...,n}, let X; be a
nonempty set. An abstract economy
' = (X;, A;, Pl is defined as a family
of n ordered, where for each 1 € I

LA X =], X; > 2% isacon-
straint correspondence

2. P X =[], Xi — 2% is a pref-
erence correspondence.

An equilibrium for W. Shafer and H.

Sonnenschein’s model is defined as fol-
lows

Definition 3.9. [10] An equilibrium
for ' is a point T € X := [['_, X; which
satisfies for each i € {1,2,3,...,n},

7; € Ay(T) and A;(Z) N Py(T) =0

for each z; € A;(T).

4 FIXED POINT THEORY VIA
GAMES

Since Kakutani’s fixed point theo-
rem extends Brouwer’s Theorem to set-
valued functions. Then, we recall a def-
inition of a fixed point for a multivalued
mapping (or correspondence).
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Definition 4.1. Let F(X) be the fam-
ily of all closed convex subsets of X. A
point mapping = — ¢(x) € F(X) of X
into F(X) is called upper semicon-
tinuous if

Ty — 20, Yn € P(Tn) and y, — yo

imply yo € (o)

It is easy to see that this condition
is equivalent to saying that the graph of
o(x) @ Ypexx X p(z) is a closed subset
of X x X.

Definition 4.2. A point 7 € X is said
to be a fixed point of the multivalued
mapping F if T € F(T).

Therefore the general fixed point
theorem can be stated as

Theorem 4.3. [14] Let X be a
nonempty, convex, compact subset of
R”, and let F' : X — 2% be an up-
per semicontinuous, nonempty-valued,
closed-valued, and convex-valued corre-
spondence. Then F' has a fixed point.

This leads to illustrate how fixed
point theorems adapted in game theory.

Theorem 4.4. [14] The strategic game
(N, X;, ;) has a Nash equilibrium if X;
is a nonempty, compact, convex subset
of a Euclidean space and 77, is contin-

uous and quasi-concave on X; for all
1€ N.

Fixed point theorems on such map-
pings constitute one of the most impor-

tant arguments in the fixed point theory
of correspondences.

Definition 4.5. Let X and Y be any
sets. The graph of a correspondence
F: X =Y, denoted Gr(F), is the set

Gr(F) :={(z,y) e X xY :y € F(x)}.

Another important kind of corre-
spondence in fixed point theory is the
class of closed correspondences. So,
there is an important property for cor-
respondences.

Definition 4.6. A correspondence F' :
X == Y is closed if it has a closed
graph, i.e., Gr(f) is a closed subset of
X xY.

Many correspondences have been
improved in reaching some new results
in game theory along with fixed point
theorems, namely, Lg-majorized, U-
majorized, Fp-majorized, etc.

Definition 4.7. [7] Let X be a topo-
logical space, and Y be a nonempty sub-
set of a vector space F, 0 : X — E be
a mapping and ¢ : X =2 Y be a corre-
spondence, then

1. ¢ is said to be of class Qg (or Q)
if

a. for each x € X, 0(x) ¢
clo(x)

b. ¢ is lower semicontinous with
open and convex values in Y

2. ¢, is a Qy-majorant of ¢ at x,
if there is an open neighborhood
N(z) of x in X and ¢, : N(z) =
Y such that

a. for each z € N(x), and
¢(2) C ¢u(z) and 6(z) ¢
clo,(z)

b. ¢ is lower semicontinous with
open and convex values;
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3. ¢ is said to be (Qy-majorized if
for each x € X with ¢(x) # 0,
there exists a (Qy-majorant ¢, of
¢ at x.

Liu and Cai did not only define QQy-
majorized but they also gave the result
of an existence of a maximal element in
2001.

Theorem 4.8. [7] Let X be a para-
compact convex subset of a Hausdorff
locally convex topological vector space
E, D a nonempty compact metrizable
subset of X. Let P : X = D be
QQo-majorized, then there exists a point
x € X such that P(z) = 0.

Moreover, an existence of equilibria
in abstract economy are proved as well.

Theorem 4.9. 7] Let I' =
(X, A;, B, P)ier be an abstract econ-
omy where [ is any (countable or un-
countable) set of agents such that for
eacht €[

1. X; is a nonempty convex sub-
set of Hausdorff locally topologi-
cal vector space Ej;, X :=[],.; Xi
is paracompact, D); is nonempty
compact metrizable subset of X;

2. A;,B;, P, are correspondences
X == D, for each z € X, A;(z)
is nonempty, B; is lower semicon-
tinuous and convex closed valued,
and clB;(z) C D;

3. The set B = {x € X, Ai(x) N
Pi(z) # 0} is closed in X

4. The mapping A; NP, : X = D, is
(Qp-majorized,

Then I' has an equilibrium point, i.e.,
there exists a point x* € X such that
for each i € I, xfclB;(2*) and A;(z*) N
P(x*) = 0.

Next, it is Lg-majorized correspon-
dence and its results which is introduced
in book of KKM theory and applica-
tions in nonlinear analysis.

Definition 4.10. [15] Let A;: X =2 Y]
be a correspondence for each i € 1.
Then A; is said to be

1. of class Lg if

a. A; is convex valued

b. y; ¢ Ai(S(y)) for each y € Y

c. A7Ny) ={r e X :y €
A;(x)} is open in X for each
yi €Y

2. Lg-majorized if for each x € X,
there exists an open neighborhood
N(z) of x in X and a convex-
valued mapping B, : X = Y,
which is called an Lg-majorant of
A; at x, such that

a. A;j(z) C B(z) for each z €
N(z)
b. y; ¢ B.(S(y)) foreachy € Y

c. B;'(y;) is open in X for each
yi €Y.

Theorem 4.11. [15] Let X be a com-
pact Hausdorff topological space and
Y be a nonempty convex subset of a
Hausdorff topological vector space E,
S :Y — X be continuous and A : X =
Y be Lg-majorized. Then there exists
z € X such that A(z) = 0.

There is a theorem in game theory
using Lg-majorized correspondence in

2006 stated by S.Y. Chang.
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Theorem 4.12. [5] Let I' =
{Xi, A, Bi, P, }ic; be an abstract econ-
omy, where [ can be an infinite set of
agents, such that for each ¢ € I, the fol-
lowing conditions are satisfied

1. X; is a nonempty convex subset
of a Hausdorff topological vector
space F; and D is a compact sub-
set of X :=[[,c; Xi

2. foreach z € X, A;(x) is nonempty
and coA;(z) C B;(x)

3. F, ={z € X : x; € clBj(x)} is
closed in X

4. A; » X = X; has compactly open
lower sections

5. the correspondence A;NP;: X =
X, is Lg-majorized in F;

6. for each finite set S C X,
there exists a compact convex set
K T],c; K; containing S such that
for each x € [K\D], there exists
v € I such that (4;NP;)(z)NK; # 0.
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